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1. Introduction 

 Solar energy which is the most 

environmentally-friendly form of renewable 

energy harnessed directly from the sun is known 

to possess the capability to generate heat, initiate 

chemical reactions, and produce electricity.   The 

energy of the sun can be harnessed through 

various methods and employed for electricity 

production.   Photovoltaic systems consist of 

solar panels made up of photovoltaic cells 

constructed from semiconductor materials which 

operate on the principles of the photoelectric 

effect.   As sunlight interacts with photovoltaic 

cells, electrons are excited, resulting in the 

generation of electricity.  The electrical potential 

produced by the photovoltaic effect is then 

captured and channeled through an inverter, 

transforms the direct current (DC) generated by 

the cells into alternating current (AC) suitable for 

immediate utilization [2].  Owing to the 

advancement of the renewable energy system, 

many authors have contributed immensely to this 

field.   Thapa et al.[3] focused on the potentiality 

and constraints in solar photovoltaic cells to 

produce electricity. They recorded that 

production of electricity is being affected by 

factors such as energy policy, financial factors, 

social and cultural factors.  Elomari et al. [4] 

presented how renewable energy sources served 

to ameliorate the technical and economic 

integration into power networks.  De Brito et al. 

This study incorporates trihybrid nanoparticles into Casson fluid with stratification, non-Darcian term, radiation and quartic 

autocatalytic chemical reaction effects over an upper surface of paraboloid of revolution. The impact of thermal 

stratification is examined to gain insight into its effect on boundary layer structure and energy distribution.  The flow 

phenomenon is described by governing equations that are converted and parameterized using suitable similarity variables.   

The nonlinear ordinary differential equations obtained are subsequently resolved using the MATLAB package (bvp4c). 

Throughout the flow analysis, specific flow parameters are scrutinized, revealing their substantial impact on different 

distributions.  It was noticed that the homogeneous bulk fluid is enhanced with the growing upshot of the Grashof number.  

Furthermore, an augmentation in the Brownian motion parameter leads to a higher effective thermal conductivity of the 

nanofluid. 
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[5] considered a number of trends in the area of 

photovoltaic energy conversion highlighting 

innovations such as the creation of thinner and 

more efficient solar cells and the usage of silicon 

carbide devices in PV inverters. 

Nanofluids are comprised of nanoparticles 

ranging from (1-100nm) suspended in 

conventional fluids.   These fluids exhibit low 

thermal conductivity but hold great potential in 

applications relating to heat transfer owing to 

their enhanced thermal properties.   Generally, it 

is expected that nanofluids will demonstrate 

enhanced thermal performance in comparison to 

conventional fluids, as nanoparticles boast high 

thermal conductivity.   It has been extensively 

analysed by several researchers that the 

utilization of nanofluids in various applications 

leads to a conspicuous enhancement in heat 

transfer efficiency when compared to traditional 

fluids.   Shah [6] carried out an examination on 

the behaviour of micropolar fluid containing 

nanoparticles and microorganisms in stagnation 

point flow.   

Thermal analysis of ternary hybrid nanofluid 

passing through a permeable slipped surface was 

explored by Ramesh et al.[7].   The 

morphological influences of hydromagnetic flow 

of micropolar fluid with nanoparticles between 

two parallel plates were discussed by Rauf et al.   

[8]. Ramesh et al.[9] presented magnetic field 

impact on radiative heat transfer hybrid 

nanofluid flow over an exponentially stretching 

surface.   Koriko et al. [10] presented the active 

and passive cases of a thixotropic nanofluid flow 

over a vertical surface.   Their findings indicated 

that Brownian motion plays a role in the heating 

of particle molecules, enhancing thermal 

conductivity and leading to an increase in fluid 

temperature.  In a study conducted separately, 

Shah et al. [11] explored the implication of 

Brownian motion on Casson fluid flow over a 

non-uniform surface.   The significance radiation 

on boundary layer analysis of Boger fluid 

containing nanoparticles through the use of finite 

element analysis was conducted by Raza et al. 

[12].   Babu et al [13] investigated the squeezed 

flow of water-based fluid with nanoparticles 

over a magnetized sensor surface.   The addition 

of three different nanoparticles into base have 

been termed as trihybrid.  The incorporation of 

nanoparticles improves specific fluid properties, 

including thermal conductivity, stability, and 

heat transfer capabilities.  The improved thermal 

characteristics of nanofluids make them suitable 

for use in various fields.   Asogwa et al.14] 

presented thermal diffusion impact on the 

hydromagnetic flow a non-Newtonian fluid 

conveying nanoparticles over a stretched Riga 

surface. Aluminium Oxide (𝐴𝑙2 𝑂3) is a form of 

nanoparticles that display unique characteristics 

and have the potential for various applications 

across multiple industries.  Rasool et al.[15] 

considered numerical techniques of 

Electrohydromagnetic nanofluid flow over a 

convectively heated surface. Boundary layer 

flow of Carreau-Yasuda tri-hybrid nanofluid 

flow over a convectively heated surface near a 

stagnation point was presented Rauf et al.[16]. 

Yu et al.[17] investigated heat transfer analysis 

through viscous ternary hybrid nanofluid over a 

stretching/shrinking thin needle.  Kumar et al. 

[18] proposed a sophisticated deep learning 

approach for predicting heat transfer flow of 

fluid conveying nanoparticles.  Ramasekhar et 

al.[19] studied boundary layer flow of Casson 

fluid conveying hybrid nanoparticles with heat 

source/since implication. Kumar et al. [20] 

delved into the optimisation of a thermal 

management system using machine learning and 

nanofluids for precise heat transfer analysis.   

Yaseen et al. [21] investigated the impact of 

thermal radiation on bioconvective flow with 

three distinct nanoparticles across various 

geometries.  Their findings indicate that the 

temperature of a ternary hybrid nanofluid rises in 

response to increased radiation and variations in 

heat source/sink parameters. Vinodkujar et al. 

[22] explored mixed convetion flow of Ree-

Eyring fluid with tinyparticles and gyrotactic 

microorganisms.  Yahya et al.[23] presented 

modified Buongiorno model for hydromagnetic 

micropolar and Casson fluid flow with nonlinear 

thermal radiation impact.  Ramasekhar and Shah 

[24] discussed Casson fluid flow with hybrid 

nanoparticles through a stretching surface with 

thermal radiation effect.   Bioconvective Riga 

wedge flow of tangent hyperbolic nanofluids 

with activiation energy was studied by Li  et al. 

[25]. 

The process of stratification is essential in 



 
Omokhuale, E., Adebayo, S. R., Okunlola, K. A., Olawumi, O. S., Adeoye, K. A., Oladoja, A. S., & Oreyeni, 

T. (2025). Boundary layer analysis of non-Darcian Casson fluid flow conveying hybrid nanoparticles with 

unequal diffusivities over a surface with variable thickness. SSR Journal of Multidisciplinary (SSRJM), 2(9), 

24-41. 

26 

 

 

various technologies such as thermal energy 

storage systems and solar water heaters.   Solar 

water heaters rely on stratification to ensure that 

hot water remains at the top of the storage tank, 

while cooler water settles at the bottom.   In 

addition, thermal energy storage system operates 

on the concept of stratification to store and 

release heat energy for different purposes 

including concentrated solar power plants and 

district heating systems, as highlighted by 

Popoola et al.  [26]. Tamilzharasan et al. [27] 

examined stratification effect on convective flow 

of Williamson fluid within a porous medium.   

Jagan et al. [28] conducted an analysis on the 

influence stratification on 

magnetohydrodynamic fluid flow over a 

stretching cylinder.   Rehman et al. [29] 

examined the behaviour of a thermally stratified 

Eyring-Powel fluid with a phase change 

phenomenon. Oreyeni et al. [30] emphasized the 

impact stratification and heat generation on fluid 

with microstructures. It was indicated that 

heightened stratification resulted in a decrease in 

temperature difference between the wall and 

outside the boundary layer.   Olanrewaju et al. 

[31] investigated implication of doubly stratified 

Upper-Convected Maxwell fluid with variable 

characteristics.  Khan et al. [32] presented 

stratification phenomena on a Sutterby 

nanofluid. Guedri et al. [33] investigated 

utilization of spiral fins to improve latent heat 

tube-shell storage system. Dogonchi et al. [34] 

discussed heat transfer effect utilizing phase 

change materials encapsulated at the nano scale.   

Priyadharshini et al. [35] presented 

hydromagnetic fluid flow with Gradient descent 

machine learning regression. 

Two commonly utilised forms of catalysis in 

both industrial settings and everyday 

applications include homogeneous and 

heterogeneous catalytic chemical reactions.   

Homogeneous catalysis involves the catalyst and 

reactants being in the same phase and evenly 

dispersed throughout the reaction mixture.   This 

type of catalysis is frequently employed in the 

production of polymers, pharmaceuticals, and 

specialty chemicals.   In contrast, heterogeneous 

catalytic reactions involve the catalyst and 

reactants existing in separate phases.   For 

example, the reactants may be in a gaseous or 

liquid state while the catalyst remains solid.    

Heterogeneous catalysis is widely used in a wide 

range of industrial processes, including fuel and 

chemical production, petroleum refining, and 

environmental applications like exhaust gas 

pollution removal. Both homogeneous and 

heterogeneous catalytic chemical reactions are 

essential to many aspects of daily life and 

industry. Research has been conducted on flow 

with homogeneous-heterogeneous reaction 

owing to its importance in the industry.   A recent 

study by Sravanthi et al. [36] analysed the 

behaviour of magnetite-water nanofluid under 

the influence of both homogeneous and 

heterogeneous effects.   Alzahrani et al. [37] 

investigated the impacts of thermosolutal 

Marangoni convection on chemically reacting 

Oldroyd-B fluid.   Sarojamma et al. [38] explored 

the heat and mass flux effect of micropolar fluid 

with autocatalytic chemical reaction involving 

micropolar fluid. Their findings indicated that 

the presence of microstructures leads to a 

decrease in the concentration of homogenous 

bulk fluid, while increasing the concentration of 

catalyst at the surface.  Animasaun et al. [39] 

examined the development of a boundary layer 

on a surface subjected to Eyring-Powell liquid of 

differing thicknesses and consistent diffusivity.   

Hayat et al. [40] investigated the impacts of 

uniform and non-uniform reactions on the flow 

of nanofluid over a surface with irregular 

thickness.   Zhao et al. [41] utilised Buongiorno's 

model to analyse the flow properties of nanofluid 

in the occurrence of both uniform and non-

uniform reactions.   

Drawing inspiration from the studies mentioned 

above, we aim to investigate the efficacy of three 

distinct nanoparticles 𝑇𝑖𝑂2, 𝑍𝑛𝑂, 𝐴𝑙2𝑂3 in 

relation to photovoltaic systems featuring 

stratifications and quartic autocatalytic chemical 

reactions.  It is widely acknowledged that the 

incorporation of nanoparticles has the potential 

to increase the temperature of solar panel cells, 

thereby enhancing both the electrical and thermal 

efficiency of the cells.    

2. Mathematical formulation  

 In this communication the dynamics of 

Casson ternary hybrid nanofluid with 

stratification and homogeneous-heterogeneous 
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chemical reaction across a nonlinear surface is 

presented. 𝑇𝑖𝑂2, 𝑍𝑛𝑂, 𝐴𝑙2𝑂3  Have been 

incorporated into the fluid model owing to their 

high efficiency on the solar panel cells. The 

Casson fluid is engrossed with engine oil base 

fluid. A homogeneous-heterogeneous chemical 

reaction between the concentrated catalyst on the 

wall and the reactant (bulk fluid) is assumed. The 

expansion in the sheet is nonlinear which is 

moving with a nonlinear velocity 𝑈𝑤 = 𝑎𝑥
𝑚, 

where 𝑎 is constant value 𝑥  is the distance away 

from the slit while 𝑚 is the nonlinearity index of 

the stretching sheet.  𝜆 and 𝓇 represents the 

chemical species homogeneous bulk fluid 𝐴 

(Casson fluid) and heterogeneous of catalyst 𝐵 at 

the wall concentrations, respectively.  However, 

the 𝑢 and 𝑣 are the velocities along 𝑥, 𝑦 − 

directions, temperature is 𝑇(𝑥, 𝑦), 
concentrations of reactant 𝐴 and reactant 𝐵 are 

𝜆(𝑥, 𝑦) and 𝓇(𝑥, 𝑦) see [42]-[44].   

Following Gandhi et al. [45],  Popoola et al. [46] 

the rheological expression of an isotropic and 

incompressible flow of a Casson fluid can be 

written as 

 

𝜏𝑖𝑗 = {
2 (𝜇𝑏 +

𝑝𝑦

√2𝜋
) 𝑒𝑖𝑗,       𝜋 > 𝜋𝑐

2 (𝜇𝑏 +
𝑝𝑦

√2𝜋𝑐
) 𝑒𝑖𝑗,     𝜋 < 𝜋𝑐 

                                                                                             (1) 

 

where 𝑝𝑦 is the yield stress of fluid, 𝜇𝑏 is the plastic dynamic viscosity of the non-Newtonian fluid, the 

(𝑖, 𝑗)𝑡ℎ component of the deformation rate is 𝑒𝑖𝑗 , the product of 𝑒𝑖𝑗 with itself is 𝜋 = 𝑒𝑖𝑗𝑒𝑗𝑖  and critical 

value of this product based on the non-Newtonian model is 𝜋𝑐, the product of the component of 

deformation rate with itself is 𝜋.   

Given the above-mentioned assumptions and the equations governing the fluid flow appropriate for 

examining a ternary hybrid Casson nanofluid with stratification and homogeneous-heterogeneous 

chemical reaction on the upper horizontal surface of a paraboloid of revolution aligns with the 

formulations of [22], [30], [38], [39],[42], [43], [44] is presented as 

Continuity Equation   

𝜕𝑢

𝜕𝑥
+ 

𝜕𝑣

𝜕𝑦
= 0,                                                                                                                                  (2) 

Momentum Equation 

𝑢
𝜕𝑢

𝜕𝑥
+  𝑣

𝜕𝑢

𝜕𝑦
= (1 +

1

𝛽
)
𝜇𝑡ℎ𝑛𝑓

𝜌𝑡ℎ𝑛𝑓

𝜕

𝜕𝑦
(
𝜕𝑢

𝜕𝑦
) + 𝑔𝛽𝑡

(𝑚+1 )

2
(𝑇 − 𝑇∞) −

𝜇𝑡ℎ𝑛𝑓

𝜌𝑡ℎ𝑛𝑓
(1 +

1

𝛽
)
1

𝑘
𝑢 −

𝑏∗

𝑘
𝑢2,         (3) 

Energy Equation 
 

𝑢
𝜕𝑇

𝜕𝑥
+  𝑣

𝜕𝑇

𝜕𝑦
=

𝑘𝑡ℎ𝑛𝑓

(𝜌𝐶𝑝)𝑡ℎ𝑛𝑓

𝜕

𝜕𝑦
(
𝜕𝑇

𝜕𝑦
) +

16

3

1

(𝜌𝐶𝑝)𝑡ℎ𝑛𝑓
(
𝜎∗𝑇3

𝑘∗
𝜕

𝜕𝑦
(
𝜕𝑇

𝜕𝑦
)) + 𝜏 (𝐷𝐵 (

𝜕𝑇

𝜕𝑦

𝜕𝐶

𝜕𝑦
) +

𝐷𝑇

𝑇∞  
(
𝜕𝑇

𝜕𝑦
)
2

)}, (4)          

Homogeneous species Equation 

 𝑢
𝜕𝜆

𝜕𝑥
+  𝑣

𝜕𝜆

𝜕𝑦
= 𝐷𝐴

𝜕2𝜆

𝜕𝑦2
−

𝐷𝑇

𝑇∞

𝜕

𝜕𝑦
(
𝜕𝑇

𝜕𝑦
) − 𝑘ℎ𝜆𝓇

3,                                                                            (5) 

Heterogeneous specie equation 

𝑢
𝜕𝓇

𝜕𝑥
+  𝑣

𝜕𝓇

𝜕𝑦
= 𝐷𝐵

𝜕2𝓇

𝜕𝑦2
+

𝐷𝑇

𝑇∞

𝜕

𝜕𝑦
(
𝜕𝑇

𝜕𝑦
) + 𝑘ℎ𝜆𝓇

3                                                                            (6) 
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Subjected to the following boundary conditions 

𝑢 = 𝑎𝑥𝑚, 𝑣 = 0, 𝑇 = 𝑇𝑤 ,
1

𝜆

𝜕𝜆

𝜕𝑦
=

𝐾𝑠

𝐷𝐴
,   

1

−𝜆

𝜕𝓇

𝜕𝑦
=

𝐾𝑠

𝐷𝐵
      at 𝑦 = 𝐴(𝑥 + 𝑏)

1−𝑚

2 ,

𝑢 → 0, 𝑇 → 𝑇∞,          𝜆 → 𝛿,        𝓇 → 0,            as 𝑦 → ∞
}                              (7)  

Where 𝛽 is the Casson fluid parameter, 𝜌𝐶𝑝 is the heat capacity 𝑄𝑜 is the heat generation/absorption, 𝐵𝑜 

is the magnetic field strength,  𝑇 is the fluid temperature,  𝜅 is thermal conductivity, 𝜌𝑓 is the fluid density 

𝜅 is thermal conductivity and 𝜎𝑓 is the fluid electrical conductivity.  Fig 1 shows the schematic display of 

the model 

The similarity transformations can be expressed as   

𝑢 =
𝜕𝜓

𝜕𝑦
= 𝑈0(𝑥 + 𝑏)

𝑚 𝑑𝑓

𝑑ℵ
,

𝑣 =  −
𝜕𝜓

𝜕𝑥
= − [𝑈0(𝑥 + 𝑏)

𝑚−1𝑦
𝑚−1

2

𝑑𝑓

𝑑ℵ
+
𝑚+1

2
(
2𝜗𝑈0

𝑚+1
)

1

2 (𝑥 + 𝑏)
𝑚−1

2 𝑓(ℵ)] ,

ℵ = 𝑦 (
𝑈𝑜(𝑚+1)

2𝜗
 )

1

2 (𝑥 + 𝑏)
𝑚−1

2 ,   𝜓 = (
2𝜗𝑈𝑜

𝑚+1
)

1

2 (𝑥 + 𝑏)
𝑚+1

2 𝑓(ℵ),

𝜃(ℵ) =  
𝑇−𝑇∞

𝑇𝑤−𝑇0
,
𝜆

𝛿
= 𝑞(ℵ),     

𝓇

𝛿
= 𝑠(ℵ)    

 }
 
 
 
 

 
 
 
 

                              (8) 

It is to be noted that stratification at the wall  (𝑇𝑤) and at the free stream (𝑇∞) are expressed as 

𝑇𝑤 − 𝑇0 = 𝑚1(𝑥 + 𝑏)
1−𝑚

2
 ,     𝑇∞ − 𝑇0 = 𝑚2(𝑥 + 𝑏)

1−𝑚

2
 , }                                                          (9) 

Where 𝑇0 depicts the reference temperature. 

 

 

Fig 1. Schematic display of present theoretical experiment 
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Thermophysical characteristics of ternary hybrid nanofluid [20] 

𝜇𝑡ℎ𝑛𝑓

𝜇𝑓
= 

1

(1 − 𝜙1)2.5(1 − 𝜙2)2.5(1 − 𝜙1)2.5 
.

𝜌𝑡ℎ𝑛𝑓

𝜌𝑓
= (1 − 𝜙1) [(1 − 𝜙2) {(1 − 𝜙3) + 𝜙3

𝜌3
𝜌𝑓
}   + 𝜙2

𝜌2
𝜌𝑓
] + 𝜙1

𝜌1
𝜌𝑓
,

𝑘𝑡ℎ𝑛𝑓

𝑘ℎ𝑛𝑓
= (

𝑘1 + 2𝑘ℎ𝑛𝑓 − 2𝜙1(𝑘ℎ𝑛𝑓 − 𝑘1)

𝑘1 + 2𝑘ℎ𝑛𝑓 + 𝜙1(𝑘ℎ𝑛𝑓 − 𝑘1)
) ,

𝑘ℎ𝑛𝑓

𝑘𝑛𝑓
= (

𝑘2 + 2𝑘𝑛𝑓 − 2𝜙2(𝑘𝑛𝑓 − 𝑘2)

𝑘2 + 2𝑘𝑛𝑓 + 𝜙2(𝑘𝑛𝑓 − 𝑘2)
) ,

𝑘𝑛𝑓

𝑘𝑓
= (

𝑘3 + 2𝑘𝑓 − 2𝜙3(𝑘𝑓 − 𝑘3)

𝑘3 + 2𝑘𝑓 + 𝜙3(𝑘𝑓 − 𝑘3)
) ,

(𝜌𝑐𝑝)𝑡ℎ𝑛𝑓

(𝜌𝑐𝑝)𝑓
= (1 − 𝜙1) [(1 − 𝜙2) {(1 − 𝜙3) + 𝜙3

(𝜌𝑐𝑝)3
(𝜌𝑐𝑝)𝑓

}  + 𝜙2
(𝜌𝑐𝑝)2
(𝜌𝑐𝑝)𝑓

] + 𝜙1
(𝜌𝑐𝑝)1
(𝜌𝑐𝑝)𝑓}

 
 
 
 
 
 
 

 
 
 
 
 
 
 

 

Experimental values of nanoparticles and base fluid are depicted in Table 1 following the studies of [20, 

22]. 

 

Table 1:  Thermo-physical properties of nanomaterials 

Thermo-physical Properties 𝜌(𝑘𝑔𝑚−3) 𝐶𝑝(𝐽𝑘𝑔
−1𝐾−1) 𝐾(𝑊𝑚−1𝐾−1) 𝜎 (

𝑠

𝑚
) 

Engine Oil 884 1910 0.144  

Titanium oxide (𝑇𝑖𝑂2) (s1) 4250 686.2 8.9538 10−9 − 1011 

𝑍𝑖𝑛𝑐 𝑂𝑥𝑖𝑑𝑒 (𝑍𝑛𝑂) (s2) 5600 495.2 13  

Aluminum oxide (𝐴𝑙2 𝑂3) 
(s3) 

3970 765 40 3.5 𝑥 106   

 

Using the similarity transformations, the governing equations (2)-(6) with boundary condition (7) can be 

expressed as 

(1 +
1

𝛽
)
𝑑3𝑓

𝑑ℵ3
+ (1 − 𝜙1)

2.5(1 − 𝜙2)
2.5(1 − 𝜙3)

2.5(1 − 𝜙1)

[(1 − 𝜙2) {(1 − 𝜙3) + 𝜙3
𝜌3

𝜌𝑓
}   + 𝜙2

𝜌2

𝜌𝑓
] 𝜙1

𝜌1

𝜌𝑓
(𝑓

𝑑2𝑓

𝑑ℵ2
−

2𝑚

𝑚+1 

𝑑𝑓

𝑑ℵ

𝑑𝑓

𝑑ℵ
+ 𝐺𝑟𝜃)

−
2

𝑚+1 
(1 +

1

𝛽
)𝑃𝑠

𝑑𝑓

𝑑ℵ
−

2

𝑚+1 
𝐹𝑠𝐷𝑎

−1 𝑑𝑓

𝑑𝜂

𝑑𝑓

𝑑𝜂
= 0, }

 
 

 
 

                             (10) 

𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
 [1 + 

4𝑅𝑎

3
]
𝑑2𝜃

𝑑ℵ2
+ (1 − 𝜙1) [(1 − 𝜙2) {(1 − 𝜙3) + 𝜙3

(𝜌𝑐𝑝)3

(𝜌𝑐𝑝)𝑓
}   + 𝜙2

(𝜌𝑐𝑝)2

(𝜌𝑐𝑝)𝑓
]

+𝜙1
(𝜌𝑐𝑝)1

(𝜌𝑐𝑝)𝑓
(𝑃𝑟𝑓

𝑑𝜃

𝑑ℵ
 −  𝑃𝑟

2

𝑚+1
(𝜃 + 𝑆𝑡)

𝑑𝑓

𝑑ℵ
+ 𝑃𝑟𝑁𝑏

𝑑𝜃

𝑑ℵ

𝑑𝜙

𝑑ℵ
+ 𝑃𝑟𝑁𝑡

𝑑𝜃

𝑑ℵ

𝑑𝜃

𝑑ℵ
+

2

𝑚+1
𝜁𝑃𝑟𝐸𝑥𝑝

−nℵ) = 0,
}           (11)    

𝑑2𝑞

𝑑ℵ2
+ 𝑆𝑐𝐴𝑓

𝑑𝑞

𝑑ℵ
−

𝑁𝑡

𝑁𝑏
 
𝑑2𝜃

𝑑ℵ2
 −

2

𝑚+1
𝑆𝑐𝐴ℛ𝑞(ℵ)𝑠

3(ℵ) = 0,                                                                 (12) 

𝛾
𝑑2𝑠

𝑑ℵ2
+ 𝑆𝑐𝐵𝑓

𝑑𝑠

𝑑ℵ
−

𝑁𝑡

𝑁𝑏

𝑑2𝜃

𝑑ℵ2
 +

2

𝑚+1
𝑆𝑐𝐵ℛ𝑞(ℵ)𝑠

3(ℵ) = 0 ,                                                              (13) 
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The Boundary Conditions become 

(ℵ) = 0 ,
𝑑𝑓

𝑑ℵ
= 1, 𝜃(ℵ) = 1 − 𝑆𝑡,

𝑑𝑞

𝑑ℵ
=  𝒥𝑞(ℵ),

𝑑𝑠

𝑑ℵ
= −𝒥 𝑞(ℵ),     𝑎𝑡  ℵ = 0

𝛾
𝑑𝑓

𝑑ℵ
→ 0, 𝜃(ℵ) → 0, 𝑞(ℵ) → 1, 𝑠(ℵ) → 0   𝑎𝑠 ℵ → ∞ 

}                      (14) 

Where Newtonian parameter is 𝛽, velocity index is  𝑚, Porosity parameter 𝑃𝑠 =
𝜗

𝑘𝑐(𝑥+𝑏)𝑚−1
, Grashof 

number 𝐺𝑟 =
𝑔𝛽(𝑇𝑤−𝑇0)

𝑐2(𝑥+𝑏)2𝑚−1
, Solar thermal radiation parameter 𝑅𝑎 =

4𝜎∗𝑇0
3

𝑘 𝑘∗
, Prandtl number 𝑃𝑟 =

𝜗

𝛼
, Space-

dependent internal heat source parameter 𝜁 =
𝑄𝑜

𝜌𝐶𝑝𝑐(𝑥+𝑏)𝑚−1
, thermal stratification parameter 𝑆𝑡 =

𝑚2

𝑚1
, 

Brownian motion parameter 𝑁𝑏 =
𝜏 𝐷𝐴𝛿

𝛼
, Thermophoresis parameter 𝑁𝑡 =

𝜏(𝑇𝑤−𝑇0)

𝛼

𝐷𝑇

𝑇∞
, Schmidth number 

for specie A 𝑆𝑐𝐴 =
𝜗

𝐷𝐴
, Schmidth number for specie B 𝑆𝑐𝐵 =

𝜗

𝐷𝐵
, homogeneous reaction parameter ℛ =

𝑘ℎ𝛿
3

𝑐(𝑥+𝑏)𝑚−1
, ratio of diffusion constants 𝛾 =

𝐷𝐵

𝐷𝐴
, and strength of heterogeneous parameter 𝒥 =

(
𝑐 (𝑚+1)

2𝜗𝑏𝑓
)

−
1
2

𝐷𝐴(𝑥+𝑏)
𝑚−1
2

.   

The wall friction coefficient 𝐶𝑓𝑥, Local Nusselt number 𝑁𝑢𝑥 

𝐶𝑓𝑥 =
𝜏𝑤

𝜌𝑓√
𝑚+1

2
(𝑈𝑤)2

,

𝑁𝑢𝑥 =
(𝑥+𝑏)𝑞𝑤

𝜅𝑓(𝑇𝑤−𝑇0)√
𝑚+1

2

,

}
 
 

 
 

                                                                                                                 (15) 

Where, 

𝜏𝑤 = 𝜇𝑡ℎ𝑛𝑓 (1 +
1

𝛽
)
𝜕𝑢

𝜕𝑦
|
𝑦𝑤

,

𝑞𝑤 = −𝑘𝑡ℎ𝑛𝑓
𝜕𝑇

𝜕𝑦
|
𝑦𝑤

,
}                                                                                                       (16)                            

Substituting the expression for 𝜏𝑤 into 𝐶𝑓𝑥 and 𝑞𝑤 into 𝑁𝑢𝑥 then, 

𝐶𝑓𝑥 = [
𝜇𝑓(1+

1

𝛽
)

𝜌𝑓√
𝑚+1

2
(𝑈𝑤)2

]
𝜕𝑢

𝜕𝑦
|
𝑦=𝐴(𝑥+𝑏)

1−𝑚
2
,

𝑁𝑢𝑥 = −[
(𝑥+𝑏)𝑞𝑤

(𝑇𝑤−𝑇0)√
𝑚+1

2

]
𝜕𝑇

𝜕𝑦
|
𝑦=𝐴(𝑥+𝑏)

1−𝑚
2
}
  
 

  
 

                                                                                   (17) 

The shear stress (skin friction) between Casson fluid and upper surface of horizontal paraboloid of 

revolution is 𝜏𝑤 and 𝑞𝑤 is the heat flux from the wall.  Utilizing the eqns. (9) we obtain 

𝑅𝑒𝑥

1

2𝐶𝑓𝑥 =
(1+

1

𝛽
)

(1−𝜙1)2.5(1−𝜙2)2.5(1−𝜙1)2.5
𝑓′′(0),

𝑁𝑢𝑥𝑅𝑒𝑥
−
1

2 = −(
𝑘𝑡ℎ𝑛𝑓

𝑘𝑓
+
4

3
𝑅𝑎) 𝜃′(0) }

 

 

                                                                                         (18) 

Where Local Reynolds number is indicated and defined as 𝑅𝑒𝑥 =
𝑈𝑤(𝑥+𝑏)

𝜗𝑓
. 

3. Numerical Solution   

 BVP4C is a numerical approach that applies a collocation methodology to address boundary 
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value problems associated with Ordinary Differential Equations. This technique involves the 

discretization of the ODEs through a finite difference scheme, effectively breaking down the domain into 

smaller subintervals. Within this framework the resultant system of nonlinear equations is resolved by 

means of the Newton iteration technique.   Equations (10) – (14) are then transformed into a first-order 

differential equation.   Let  

𝑓 = 𝑦1, 𝑓
′ = 𝑦2, 𝑓

′′ = 𝑦3, 𝑓
′′′ = 𝑦3

′ , }                                                                                       (19)                                                                            

(1 +
1

𝛽
) 𝑦3

′ = (1 − 𝜙1)
2.5(1 − 𝜙2)

2.5(1 − 𝜙3)
2.5

∗ (1 − 𝜙1) [(1 − 𝜙2) {(1 − 𝜙3) + 𝜙3
𝜌3

𝜌𝑓
}   + 𝜙2

𝜌2

𝜌𝑓
]

+𝜙1
𝜌1

𝜌𝑓
(
2𝑚

𝑚+1 
𝑦2𝑦2 − 𝑦1𝑦3 − 𝐺𝑟𝑦4)  + (1 +

1

𝛽
)

2

𝑚+1 
𝑃𝑠𝑦2,}

 
 

 
 

                                                       (20) 

𝜃 = 𝑦4, 𝜃
′ = 𝑦5, 𝜃

′′ = 𝑦5
′ , }                                                                                                        (21) 

𝑘𝑡ℎ𝑛𝑓

𝑘𝑓

(1−𝜙1)[(1−𝜙2){(1−𝜙3)+𝜙3
(𝜌𝑐𝑝)3
(𝜌𝑐𝑝)𝑓

}  +𝜙2
(𝜌𝑐𝑝)2
(𝜌𝑐𝑝)𝑓

]+𝜙1
(𝜌𝑐𝑝)1
(𝜌𝑐𝑝)𝑓

[1 + 
4𝑅𝑎

3
] 𝑦5

′ =

( 
2

𝑚+1
𝑃𝑟𝑦2𝑦4 + 

2

𝑚+1
𝑃𝑟𝑆𝑡𝑦2) − 𝑃𝑟𝑦1𝑦5 − 𝑃𝑟𝑁𝑏𝑦5𝑦7 − 𝑃𝑟𝑁𝑡𝑦5𝑦5 −−

2

𝑚+1
𝜁𝑃𝑟𝐸𝑥𝑝

−n𝜂
}
 
 

 
 

            (22) 

𝑞 = 𝑦6, 𝑞
′ = 𝑦7, 𝑞

′′ = 𝑦7
′  , }                                                                                                      (23) 

𝑦7
′ =

𝑁𝑡

𝑁𝑏
 𝑦5
′ − 𝑆𝑐𝐴𝑦1𝑦7 +

2

𝑚+1
𝑆𝑐𝐴ℛ𝑦6(𝜂)(𝑦8)

3(𝜂), }                                                                  (24) 

𝑠 = 𝑦8, 𝑠
′ = 𝑦9, 𝑠

′′ = 𝑦9
′}                                                                                                              (25) 

𝛾𝑦9
′ =

𝑁𝑡

𝑁𝑏
𝑦5
′ − 𝑆𝑐𝐵𝑦1𝑦9 −

2

𝑚+1
𝑆𝑐𝐵ℛ𝑦6(𝜂)(𝑦8)

3(𝜂) = 0, }                                                         (26) 

Boundary Conditions 

𝑦1 = 0 , 𝑦2 = 1, 𝑦4 = 1 − 𝑆𝑡, 𝑦7 =  𝒥𝑦6, 𝛾𝑦9 = −𝒥𝑦6,     𝑎𝑡  𝜂 = 0,
𝑦2 → 0,   𝑦4 → 0,     𝑦6 → 1,       𝑦8 → 0,    𝑎𝑠 𝜂 → ∞

}                                  (27)        

 

4. Results and discussion 

 This section describes the computational 

findings obtained via the Bvp4c numerical 

approach. This employed numerical technique is 

to demonstrate the fundamental physical 

principles that govern the flow, temperature, and 

concentration of homogeneous bulk fluid as 

result of non-dimension parameters and other 

features are shown in Figs. 2-11. Furthermore, 

computed numerical outcomes for different 

controlling parameters against heat gradients is 

presented in tabular form.  

Fig. 2 displays the impact of Gr on velocity 

profile for St = 0.1. The Grashof number is a 

dimensionless parameter that illustrates the 

relationship between buoyancy forces and 

viscous forces within a fluid flow.  An increased 

Gr also implies an increase of the buoyancy force 

within the fluid.  As the Gr upsurges, the 

buoyancy force within the velocity flow also 

raises.  A higher Grashof number indicates that 

the incoming flow gives the fluid particles a 

stronger upward force, thus increasing their rate 

of acceleration in the flow direction.  This in turn 

results to improvement of convective motion 

within the fluid due to increase in the buoyancy 

force.  As the temperature gradient between the 

warmer and cooler regions of the fluid widens, 

the Grashof number will correspondingly rise.   

This results in a stronger velocity profile. 

Physically, in a heated fluid, expansion occurs 

because of temperature differences that affect 

density. The fluid near the hot surface becomes 

lighter and rises. As this hot, less dense fluid 

moves upward, cooler, denser fluid moves in to 
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fill the space, creating a convection current. This 

process is driven by buoyancy and is related to 

the Grashof number for mass transfer. 

 

 

 

Fig. 2: Effect of 𝐺𝑟 on velocity profile when 𝑆𝑡 = 0.1 

 

 

Fig. 3 Effect of 𝐺𝑟 on temperature profile when 𝑆𝑡 = 0.1 

 

Fig 3 reveals the implication of Grashof number 

𝐺𝑟 on the temperature profile for St = 0.1. As 𝐺𝑟 

increases there is a corresponding augmentation 

in the natural convection flow within the fluid.   

This phenomenon curtails the thermal 

conduction towards the heated surface, thereby 

elevating the temperature gradient in the fluid.   

Consequently, the temperature gradient within 

the thermal boundary layer amplifies more 

significantly as it distances itself from the heated 

surface.   With higher Grashof numbers, the fluid 

in proximity to the heated surface tends to ascend 
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more prominently due to buoyancy.   This results 

in a swifter removal of warm fluid from the 

surface, consequently accelerating the 

movement of the fluid adjacent to the surface. 

Consequently, the temperature decreases more 

swiftly near the heated surface leading to a 

reduction in the overall temperature distribution 

in the fluid.  

 

 

Fig.4 Effect of 𝐺𝑟 on concentration of homogeneous bulk fluid profile 

 

Fig 4 shows the outcome of Gr on concentration 

distribution of homogeneous bulk fluid profile 

for St = 0.1. As the Gr increases on the vertical 

axis, there is a noticeable augmentation in 

concentration distribution of the homogeneous 

bulk fluid. The Grashof number is an important 

parameter that compares the buoyancy force to 

the viscous force in the fluid. When Gr increases, 

buoyancy forces become stronger than viscous 

forces. This enhanced buoyancy leads to more 

vigorous natural convection currents, which 

improve the diffusion and movement of species 

within the fluid. As a result, the species 

concentration in the bulk of the carrier fluid 

increases. This effect is particularly pronounced 

when the local density of species is influenced by 

temperature gradients, as the buoyancy-driven 

flow aids in transporting species throughout the 

fluid. Furthermore, the effect of Gr on velocity 

profile for St=0.9 is display in Fig. 5. It was seen 

that the impact of Gr on fluid flow when St =0.9. 

 

 

Fig. 5 Effect of Gr on velocity profile when St = 0.9 
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Fig. 6 illustrates the influence of Ra on the 

velocity profile at St= 0.1. The introduction of 

thermal radiation increases the energy within the 

fluid system, subsequently enhancing the 

thermal energy of the fluid particles.   The rise in 

thermal energy causes viscosity of the fluid to 

decline, as viscosity typically decreases with 

enhanced temperatures particularly in the case of 

liquids.    Therefore, the fluid flows with lesser 

resistance which in a way increases the velocity 

of the fluid which is being transferred.  

Additionally, thermal radiation can cause energy 

to create a temperature difference in the fluid. 

This temperature gradient can lead to buoyancy-

driven flow, especially in areas where the fluid is 

heated and becomes less dense. This buoyancy 

acts as a force that increases the fluid's velocity, 

further accelerating its movement. Also, 𝑇𝑖𝑂2  +
 𝑍𝑛𝑂 +  𝐴𝑙2𝑂3 / Engine Oil is greater than the 

TiO2 + Al2O3 / Engine Oil.  Furthermore, Fig. 7 

illustrates how thermal radiation affects the 

temperature profile. The primary factor 

contributing to the rise in temperature is the 

enhanced absorption of heat from the surface via 

radiation. Also, 𝑇𝑖𝑂2  +  𝑍𝑛𝑂 +  𝐴𝑙2𝑂3 / 

Engine Oil is higher than the  𝑇𝑖𝑂2  +  𝐴𝑙2𝑂3 / 

Engine Oil.   

 

 

Fig.6 Effect of Ra on velocity profile when St=0.1 

 

 

Fig. 7 Effect of Ra on temperature profile when St=0.1 
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Fig. 8 Effect of Radiation Ra on concentration of 

homogeneous bulk fluid profile when St= 0.1. 

However, it was observed that the impact Ra 

elevate the homogeneous bulk fluid profile. 

Furthermore, Ra enhances the total heat transfer 

within the catalyst constituent to the surface of 

the catalyst. One of the limitations in 

heterogeneous catalysis, is that the surface 

temperature of the catalyst exerts significant 

influence on the reaction kinetic. Incremental 

values of Ra leads to increase in the surface 

temperature, and the rate of catalytic reactions 

also increase (See Fig. 9). The change in 

parameter resulting in conservation of thermal 

radiation that causes an enhancement in the 

catalytic activity. Catalysts are known to exist at 

their best performing temperature at which they 

show the highest level of activity. The factors 

affecting the efficiency of the catalytic process 

can be brought to the desired level with the help 

of thermal radiation that contributes to the 

increase of the surface temperature. 

 

 

Fig.8 Effect of Ra on concentration of homogeneous bulk fluid profile 

When St=0.1 

 

 

Fig.9 Effect of Ra on concentration of heterogeneous catalyst at the surface profile when St=0.1 

 

Fig. 8 Effect of Ra on concentration of 

homogeneous bulk fluid profile when St= 0.1. 

However, it was observed that the impact Ra 

elevate the homogeneous bulk fluid profile. 

Furthermore, thermal radiation enhances the 

total heat transfer within the catalyst constituent 

to the surface of the catalyst. One of the 

limitations in heterogeneous catalysis, is that the 
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surface temperature of the catalyst exerts 

significant influence on the reaction kinetic. 

With a rise in the thermal radiation the surface 

temperature increases, and the rate of catalytic 

reactions also increase (See Fig. 9). The change 

in parameter resulting in conservation of thermal 

radiation that causes an enhancement in the 

catalytic activity. Catalysts are known to exist at 

their best performing temperature at which they 

show the highest level of activity. The factors 

affecting the efficiency of the catalytic process 

can be brought to the desired level with the help 

of thermal radiation that contributes to the 

increase of the surface temperature. 

 

 

Fig. 10 Effect of Nt on temperature profile when St=0.1 

 

Fig. 10 and Fig. 11 show the impacts of Nt and 

Nb on temperature profile. An escalation in the 

quantity of Nb leads to an improvement in its 

temperature profile, whereas a rise in Nt causes 

a decrease in the temperature profile.   As the Nb 

 improves, the fluid temperature of the fluid 

system improves. This indicates that as Nb 

upsurges the particle mobility intensifications, 

and the random movement of the nanoparticles 

upsurges thus the energy distribution in the fluid 

becomes more distributed which raises the fluid 

temperature. On the other hand, an increase in 

the Nt  reduce the fluid temperature. 

 

\ 

Fig.11 Effect of Nb on temperature profile when St=0.9 
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Table 2:  The numerical values of varied parameters for 𝑁𝑢𝑥
−1/2

 

parameters  Values  𝑁𝑢𝑥
1/2

 

𝑁𝑡 0.1 -0.364011 

 0.2 -0.905159 

 0.3 -1.448028 

 0.4 -1.990012 

𝑆𝑡 0.3 -0.377683 

 0.5 -0.387415 

 0.7 -0.393005 

 0.9 -0.394433 

𝑅𝑎 0.4 -0.332294 

 0.6 -0.280014 

 0.8 -0.232747 

𝑃𝑠 0.1 -0.302326 

 0.2 -0.360396 

 0.3 -0.352011 

 0.4 -0.340612 

   

 

 

Table 2 displays the numerical values of chosen 

parameters for 𝑢𝑥
−
1

2 . As 𝑁𝑡upsurges from 0.1 to 

0.4, the value declines from -0.364 to -1.990. 

When 𝑆trises from 0.3 to 0.9, the value declines 

slightly from -0.378 to -0.394. Similarly, 

growing value of 𝑅𝑎 from 0.4 to 0.8 results in a 

decrease in the value, from -0.332 to -0.233, with 

this decrease being more substantial than 𝑆𝑡. 
Growing 𝑃𝑠 from 0.1 to 0.2 leads to a lessening 

in the value, but further increases in 𝑃𝑠 to 0.3 and 

0.4 cause the value to rise slightly. 

5. Conclusion  

In summary, we examined the thermal stability 

and sustainability impact of 𝑇𝑖𝑂2, 𝑍𝑛𝑂, 𝐴𝑙2𝑂3  in 

an engine oil based Casson fluid of a solar 

photovoltaic system with homogeneous-

heterogeneous chemical reaction within a 

stratified nonlinear surface. The present study is 

inspired by improving the thermal radiation 

phenomena afterward employed in solar 

photovoltaic system for numerous uses. The 

main findings of the present investigation are 

outlined as follows:    

 The 𝑁𝑢𝑥
−
1

2  declines with the higher value 

of 𝑁𝑡, 𝑆t, 𝑅𝑎, 𝑃𝑠. 

 The velocity profile is larger for Grashof 

number when St =0.1 in the boundary 

layer. 

 Velocity and temperature profile of the 

system is detected to upsurge with increase 

in material parameter.  

 The homogeneous bulk fluid increase with 

the growing upshot of the Grashof number 

when St = 0.1. 

An increase in Nb improve the fluid temperature, 

while Nt reduces when St= 0.9 
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