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Abstract Original Research Article

Marine heatwave (MHW) is the intense and long-term warming of the ocean waters which have
increased two-fold since the 1980s and are disastrous to phytoplankton, the microscopic algae that
produces half of the oxygen in the atmosphere and forms the base of the marine food web. To know
how and why phytoplankton communities fail during thermal stress, the authors construct a four-
dimensional nonlinear ODE of the relationships between sea surface temperature anomaly, nutrient
concentration, phytoplankton biomass and cumulative thermal stress. Three biologically significant
equilibria and a basic reproduction number R 0 whose intersection with unity initiates a transcritical
bifurcation between ecosystem persistence and collapse are identified using mathematical analysis.
Saddle-node bifurcations to give bistability and hysteresis are also identified in the model, as well as
Hopf bifurcations to give boardwalk oscillation bloom dynamics. Most importantly, tipping points can
be predicted by critical slowing down and increased variance, amplified autocorrelation and positive
skewness with hundreds of simulation days of warning. These predictions are confirmed by numerical
representation of three real MHW conditions, in which nutrient-poor (oligotrophic) waters are found
to be particularly susceptible even in the case of relatively small temperature perturbations. The
framework provides a strict but explainable scale of collapse risk quantification, implying that by
monitoring the chlorophyll-a change and autocorrelation on the high-risk ocean areas, actionable,
management-relevant early warnings of ecosystem collapse are possible.
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1. Introduction

The rate at which the ocean has been altering is
somehow very disturbing. In the vast majority of
modern climate science, we have been following
the warming of the oceans by the gradual, steady
increase of temperature averages at the sea

surface, on time scales that are abstract and
remote. However, under those averages, there
has been a building up of something more sudden
and threatening. Marine heatwaves, discrete,
localized events of abnormally warm ocean
water, which exceed local 90th-percentile
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temperature thresholds over five or more days in
duration [1] have been on the rise in frequency,
length, and severity, that has shocked even the
scientific community. The number of days of
marine heatwaves in the world had doubled
between 1982 and 2016 [2]. In models that are
run with high-emission conditions it is predicted
that a near-permanent condition of what we
currently call an extreme heatwave will result in
large areas of the subtropical ocean by 2100 [3].
They are not abstract statistics. Marine
heatwaves have already left their trace in ocean
ecosystems, which in some cases has been
disastrous. The Western Australia event of 2011
was a bleach of the coral reefs, killing seagrass
meadows, and leading to mass fish kills of area
bigger than that of Texas. The Northeast Pacific
20132015Blob a large region of abnormally
warm water that lasted almost three years
resulted in harmful algal blooms, record-
breaking losses of seabirds, and starvation
incidences in sea lions and whales. In 2016, an
estimated half of the corals in the north sector of
the Great Barrier Reef was killed, as a result of
the bleaching. All these phenomena have a
common proximate cause, which is the
temperatures that phytoplankton and the
ecosystems that they sustain were not designed
to withstand.

Phytoplankton occupies the bottom of nearly all
that survives in the ocean. These photosynthetic
microscopic organisms make about half of the
overall oxygen on earth and they fix an estimated
50 gigatons of carbon each year [4]. They serve
as the main source of food to the zooplankton
which feeds fish which feed seabirds, marine
mammals and in the end human fisheries. The
failure of phytoplankton community cascades up
the food web and may be hard to predict at times
due to the speed and magnitude of the impacts
[5]. The question of knowing what conditions
phytoplankton survive, as well as oscillate or
collapse in response to thermal forcing is
therefore not just a hypothetical one, but a
question with direct relevance to ocean
management, food security and global carbon
cycle.  Phytoplankton is a  nonlinear
physiological phenomenon that responds to high
temperature. Intermediate warming might first
increase the rate of enzyme reactions and
increase growth rates in species whose thermal

optimum is higher than the ambient temperature.
However, the processes start to malfunction
when the temperatures surpass the species-
specific thermal optimum, as photosynthetic
apparatus starts degrading, reactive oxygen
species start building up, and mortality rates
increase exponentially [6]. At the same time, the
actual process of warming is inclined to enhance
stratification of upper oceans and inhibit the
process of vertical mixing that supplies nutrients
of deeper, colder water masses into the surface
stressful layer where phytoplankton proliferate
[7]. This nutrient starvation due to stratification
may be just as deadly as direct thermal stress, and
the combination of the two interact in a way that
cannot be well modeled using simple linear
models [8].

Mathematical ecology has its intellectual origins.
As Lotka [9] and Volterra [10] essentially
discovered, even the simplest predator-prey
system might display nontrivial oscillatory
behavior, a discovery that led to the entry of a
fruitful tradition of theoretical ecology based on
nonlinear dynamics. The nutrient-
phytoplankton-zooplankton (NPZ) conceptual
framework introduced by Fasham et al. [11]
generalised these concepts to the marine
biogeochemistry has been adopted to create a
versatile conceptual framework applied in
numerous ways [12, 13]. Edwards and Brindley
[14, 51] revealed that three-component plankton
models were capable of producing limit cycles
and chaotic behavior and Follows et al. [15]
revealed the effect of temperature-mediated
selection on phytoplankton functional types
globally. More recently, Heneghan et al. [16]
have quantitatively determined the sensitivity of
marine  ecosystem models to thermal
parameterization, which highlights the fact that
the selection of temperature response function is
often highly consequential. Nonetheless, the
detailed mathematical model of linking marine
heatwave processes with phytoplankton tipping
points has not been developed yet despite the
richness of this theoretical tradition. A large
portion of the pertinent theoretical literature has
worked with temperature as a slowly varying or
fixed external parameter instead of a state
variable with its own equation. This is important
since the build up and release of thermal stress is
a process with its own characteristic time scale
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and that the history of thermal exposure can have
enduring effects on phytoplankton physiology
not just reflected in temperature itself [38, 39]. A
model that represents the thermal stress as a
dynamic quantity, as being accumulating during
periods of continuous heating and decreasing
during periods of lower temperatures is more
naturally suited to simulate the type of delayed,
threshold-overstepping  collapses that are
observed in actual events of heatwaves.

The natural mathematical language of describing
such crossings of threshold is given by the theory
of bifurcations. Bifurcations define qualitative
change resulting from a smooth change in an
parameter to qualitative change in the system
behavior and usually discontinuous [17].
Scheffer et al. [18] have used this framework to
notoriously apply to shallow lake eutrophication,
where it was demonstrated that the apparent
irreversible change between clear and turbid
water is a saddle-node bifurcation - a fold in an
equilibrium surface that forms a basin of
bistability in which both clear and turbid water
are simultaneously stable. After passing across
the fold and returning to the lower stable branch,
it takes not only a reversal of the perturbation but
a second, lower fold to get the system up to the
upper one again, a process called hysteresis that
can make the process of recovery as much harder
as the original descent. This paradigm has been
extended to coral reef degradation [19], kelp
forest collapse [20] and fisheries dynamics [21]
and there is no reason to suspect that it is less
applicable to MHW triggered phytoplankton
dynamics. Early warning signals (EWS) of an
impending critical transition have been of great
interest and this is due to the fact that it has the
potential of doing so before an impending
tipping point is attained. The mathematical
justification of such hope is the so-called critical
slowing down (CSD): just before a fold
bifurcation, the largest eigenvalue of the
Jacobian matrix of the system approaches zero,
i.e. the system is becoming slow to recover after
little perturbations [22, 51]. This deceleration is
reflected in empirical time-varying time series,
in the increased time autocorrelation and
escalating variance -change indicators, which in
theory can be identified on observable
monitoring data [23, 24, 25]. Compilating
ecological transitions CSD has been shown

empirically  before  recorded  ecological
transitions but the empirical reality of identifying
CSD in real-life time series is challenging.

It is on this basis that the current paper
formulates and studies a four-dimensional
nonlinear ODE model which integrates
temperature anomaly, nutrient concentration,
phytoplankton biomass, and cumulative thermal
stress within one coherent dynamical system. We
want to know the qualitative geometry of this
system - where it loses its balance, how it
vibrates, are its breakdowns recoverable - and to
derive the results of that study into definite
predictions on early warning signals that would
inform ocean surveillance. By doing this, we will
rely on observational data due to recorded
heatwave scenarios such as the 2011 Western
Australia MHW [26], the 20132015 Northeast
Pacific Blob [34], and the 2016 Great Barrier
Reef bleaching [19], where model predictions
are compared with the measured phytoplankton
and chlorophyll-a reactions. There are a number
of significant previous studies that guide and
inspire our strategy. Thomas et al. [32] have
developed an empirical global pattern of thermal
adaptation of marine phytoplankton, which
forms the basis of observation of the unimodal
thermal response functions at the heart of our
model. Dutkiewicz et al. [36] proved the
tractability of the coupled nutrient-
phytoplankton models with Michaelis-Menten
uptake Kinetics. Dakos et al. [23] presented a
ground-breaking empirical data on CSD in the
antecedent of eight climatic and ecological
tipping points. Carpenter and Brock [24]
demonstrated that increasing changes in data of
chlorophyll in the lake can be used as a
precaution indicator that the stage of
eutrophication has been reached. Scannell et al.
[27] and Holbrook et al. [26] described the
dynamics and physical instability of marine
heatwaves on both a regional and a global level.
Observational phenomena of oligotrophic gyre
growth and productivity in the open-ocean under
warming were reported by Behrenfeld et al. [30]
and Polovina et al. [45] - phenomena that can be
understood in our model by its bifurcation
pattern. The synthesis of experimental evidence
of the effects of warming of sea surface on
plankton communities was performed by
Lewandowska et al. [29], and the satellite
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remote-sensing context of the global dynamics
of phytoplankton was given by Siegel et al. [28].
The previous dynamical systems modelling on
the literature of mathematical sciences of Nigeria
also informs some of the stability and numerical
methods used [47-51].

This paper introduced a new four-dimensional
ODE model in the presence of a dynamic
variable of thermal stress. A basic reproduction
number Ro is obtained that is biologically
interpretable and provides phytoplankton
persistence. We establish the positivity,
boundedness and global stability of the
coexistence equilibriu. We define and describe
transcritical, saddle-node, and Hopf bifurcations
and their ecological explanations. We obtain
analytical forecasts of early warning signal
behaviour in the neighbourhood of fold
bifurcations. We show ten numerical simulation
conditions consisting of deterministic dynamics,
stochastic EWS detection, bifurcation diagrams,
and sensitivity analysis. And we quantitatively
compare model predictions and observational
records of 3 documented MHW events.

2. Model Formulation

In order to construct a useful model, it is
necessary to decide what to capture in the model
and what to leave out. These are not aimed at
comprehensiveness, but transparency: we desire
a model which is straightforward enough to be
studied rigorously yet sufficiently rich to include
the nonlinear feedbacks necessary to understand
the MHW-phytoplankton interactions. In that
regard, we trace four state variables, but each is
a biologically significant quantity of the
ecosystem level. Temperature deviation T(t) (o
C above climatological base) This is the driving
variable the difference between the seasonal
average and the heatwave. Instead of taking T as
an external forcing (that is, precluding its
interaction with the biological variables), we
provide it with its own differential equation,
which balances the external atmospheric heating
with damping in an ocean due to mixing and
advection of T. The feedback coefficient -ST is

minor in magnitude, but represents the positive
feedback mechanism that is known to occur,
which is the depletion of biologically cooler
surface layer by reduced phytoplankton
productivity. Dissolved inorganic nitrogen N(t)
(mmolNm-1)

The majority of the ocean regions have nitrogen
as the limiting nutrient on phytoplankton growth
[11]. Its supply rate through the bottom will
reduce with increased surface warming, forming
direct relationship between the intensity of
heatwaves and nutrient supply. There is a
MichaelisMenten  Kkinetics associated  with
phytoplankton uptake, the saturating functional
form with which enzymes kinetics proceed, and
which has been confirmed to control
phytoplankton uptake under a wide range of
conditions and species [35, 36]. Phytoplankton
biomass (mmol N m -1) P (t) (mmol N m -1). We
lump all phytoplankton into one pool of biomass
- a simplification that we knowingly make to
obtain mathematical convenience at the cost of
taxonomic information. There is a nutrient
(Michaelis-Menten) and temperature (Gaussian
thermal response) constraint to growth and a loss
(basal ~ mortality) and  stress-dependent
component (that rises with cumulative thermal
stress) to loss. Cumulative thermal stress S(t) (S
non-dimensionless) This is the conceptually new
state variable. Instead of asking phytoplankton to
respond immediately to current temperature we
follow the time series of building thermal stress
- akin to the degree heating weeks measure
applied in coral bleaching research [38, 39]. The
stress does build up at a proportional rate to
positive temperature deviation and dissipate at a
recovery rate 0S. This expression makes the
model have a biological memory: a short cold
spell in a long heatwave offers some relief but
will never repair the damage that was done in the
previous weeks.

2.2. The Model Equations

Based on these considerations, we propose the
following autonomous four-dimensional ODE
system:
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dT/dt = n — aT + ST (1)

dN/dt = /(1 + yT) — pim f(T) [N/(kn + N)]P — 6uN )

dP/dt = pm f(T) [N/(ky + N)]P — (m + €S)P ©)

dS/dt = o max(T,0) — &S 4)
where the thermal response function is:

f(T) = exp[—k(T — T_opt)’] (®)

Each word has a literal biological meaning. In
equation (1), n is permanent forcing of the
atmosphere by heatwaves (heat) o T is oceanic
damping (heat loss by mixing, longwave
radiation, etc.) and, finally, B ST is the feeble
positive feedback of accrued biological stress. In
equation (2), it may be assumed that 1/ 2 T is
equal to 1/ 2 T of the temperature-inhibited
supply of nutrients 2/ (1 + 1 2 T): the ratio
decreases with temperature, indicating the
tightening stratification that causes the upward
movement of the nutrients supply to be broken
off. The second term is the nutrient removal by
the phytoplankton growth (Holling type-lI
kinetics) and the third term is the abiotic nutrient
removal. The equation (3) used to control
phytoplankton is: growth- a mortality term- a
stress dependent term 4 and simplified

Parameter Values and Sources

expression €S that takes into consideration the
progressive lethal effect of building thermal
injury. Equation (4) is the accumulator of the
stress: stress accumulation occurs when T is
greater than 0, and is restored at rate 0.0. the
Gaussian f(T) in equation (5) would be
concentrated around T = Topt and would decline
symmetrically in either side and width of the bell
shaped curve would be controlled by 1/K. A
small is what defines the range of thermal
tolerance (eurythermal species); a large is what
defines the range of thermal tolerance
(stenothermal species). Intuitive Operationally
this pragmatic manifestation is implied by huge
empirical evidence of phytoplankton thermal
performance curve [32] and can be Ostensibly
consistent with the Eppley curve model of
temperature dependent growth [6].

Parameter Biological meaning Value range | Units Source

n Heatwave forcing intensity | 0.5-2.0 °Cd [1,2]

a Ocean cooling/damping 0.10 d! [26]
rate

B Stress—temperature 0.02-0.10 d! Estimated
feedback

] Baseline nutrient supply 0.3-2.0 mmol Nm>3d! | [7]

Y Stratification sensitivity to | 0.05-0.20 °C! [7,34]
T

M Maximum phytoplankton 0.5-15 d! [4,5]
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Parameter Biological meaning Value range | Units Source
growth rate

Kq Half-saturation for N 0.5-2.0 mmol N m [11,36]
uptake

On Abiotic nutrient loss rate 0.05 d! [11]

m Basal phytoplankton 0.05-0.20 d? [12,13]
mortality

€ Stress-induced mortality 0.01-0.10 d! Estimated
coeff.

T opt Optimal growth 15-25 °C [6,32]
temperature

K Thermal tolerance breadth | 0.01-0.05 °C? [6]

o Stress accumulation rate 0.05-0.20 °eCctd [38]

Js Stress recovery rate 0.02-0.10 d! [38,39]

Table 1. Model parameters with biological interpretations, representative ranges, units, and literature
sources. Baseline simulation values: n=0.8, 0=0.1, p=0.03, w=1.0, y=0.1, un=1.0, k,=1.0, 6,=0.05,
m=0.1, €=0.04, T opt=20, k=0.02, 6=0.1, 6,=0.05.

3. Mathematical Properties
The Basic Reproduction Number

In our analysis, the basic reproduction number Ro
is the most significant individual number.
Relaxedly, Ro is the number of cells of
phytoplankton which are generated by a single
cell during its lifetime in otherwise nutrient-
saturated and thermally undisturbed conditions.
We obtain it by the next-generation matrix

formulation of van den Driessche and
Watmough  [40] to  phytoplankton-free
equilibrium

Eo = (T*, No, 0, S*):

Ro = pim f(T *) No / [(kn + No)(m + €5 *
)] (6)

The numerator is the maximum per-capita
growth rate that is possible at the ambient
temperature and nutrient level; the denominator
is the sum of per-capita loss rates, i.e. basal and
stress-induced mortality. This critical point R 0
=1 happens to control all qualitative transitions

in the model below this critical value,
phytoplankton is unable to form; above this
critical value, it is able to form. This is a graceful
unifying quality that is among the main results of
the theoretical framework.

Equilibrium Analysis and Linear Stability
The Equilibria
Phytoplankton-Free Equilibrium E,

Given P = 0 and solving the remaining equations
at steady state yields:
T+x=n/a + 0(B), Sx= oT x/5s, Ny
= P/[6a(1 + yT
)] (7)
When  — 0,
T+~ n/a,S = on/(ads), Ny
~ Ya/[6n(a + yn)].
This equilibrium exists and is always feasible.
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With baseline parameters n = 0.8, we have

T += 8.0°C,S *= 16.0,N,
~ 5.56 mmol N m3.

Coexistence Equilibrium E*
At Ro > 1, a coexistence equilibrium

Ex= (T % N x,P *,§ x) exists with P *
> 0.

The equilibrium nutrient concentration satisfies:
N* = ki(m + &S%) / [t fIT*) — (m + &S%)]
(@)

which is positive precisely when

U f(T*) >m + €S*, i.e., when Ro > 1.

The equilibrium phytoplankton biomass is then:
Px=[/(1 + yT *) — 6uN +] - (kn

+ N*)/[um f(T*)N
*] 9

Under baseline parameters: N* =~ 1.83 mmol N

m>3, P*¥ = 3.64 mmol N m> — biologically

realistic values for a moderately productive
coastal system.

Stability Theorems

Theorem 1 (Stability of E.). The washout
equilibrium Eo is locally asymptotically stable if
Ro <1 and unstable if Ro > 1.

gure il cal Ve catio
six maecton I s e TiCaL yeriication
planklon biomass P(t) converging to P* = 3.64 mmol N m-? (black

le23 (a) Convergence of P(1) to E*

B

2y

1
!
e

Phytoplankton P (mmol N m
U |

Proof.
The Jacobian J(Eo) has block-triangular
structure, with the eigenvalue governing

phytoplankton invasion given by:

o = 1w f(T*) No/(ky + No) — (m + eS*) = (m +
eS*)(Ro — 1)

This is negative when Ro <1 (stable) and positive
when Ro > 1 (unstable). The remaining three
eigenvalues govern temperature, nutrient, and
stress dynamics and are negative under the stated
parameter conditions. O

Theorem 2 (Uniform Persistence). If Ro > 1,
system (1)-(4) is uniformly persistent: there
exists € > 0 such that lim inf {t—o0} P(t) > ¢ for
all solutions with P(0) > 0.

Theorem 3 (Global Stability of E*). When Ro
> 1 and E* is unique, E* is globally
asymptotically stable in the interior of Q. We
establish this via the Volterra-type Lyapunov
function:

V = aT-T*-T* In(T/T%) + a(N-N*—N*
In(N/N*) + as(P-P*P* In(P/P*) +
as(S—S*—S* In(S/S*))

(10)

Computing dV/dt along trajectories and applying
the AM-GM inequality to cross-terms, we show
dV/dt < —Zici(yi — yi*)? for positive constants c;,
establishing convergence to E* by LaSalle's
Invariance Principle. O

tability (Theorem, 4,
Hltr'ulllu]\ .-5\..«“54;!‘?3. -flrp‘)m.« 1.74)
|¥{t)=~E"] on a log scaie confirms exponential convergence

(b) Exponential convergence distance

o 50 100 150 200 250 300

Figure 1. Numerical verification of global stability (Theorem 4.3). Left: phytoplankton trajectories P(t)
from six different initial conditions (1C-1 through 1C-6) all converging to the coexistence equilibrium
E*= 3.64 mmol N m> (dashed line) for n = 0.8 °C d* (Ro= 1.74). Right: distance from E* on a
logarithmic scale showing exponential convergence, confirming global asymptotic stability.
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Figure 2. B

ics — Convergence to Coexistence Equilibrium E*
All four state variables shown for four initial conditions (IC-1 to 1€-4) over 300 days, ) = 0.8 *C d-'
T* = 8.0 °C, N* = 1.83 mmol N m™*, P* = 3.64 mmol N m 4, §% = 16.0 — consistent with Ro = 1.74 and Theorem 4.3

(a) Temperature anomaly T (°C) o3 (b) Nutrient N (mmol N m-*)

Temperature anomaly T (°C)

Nutrient N (mmol N m3)

0 50 100 150

Time (days)

200 250

le22

)

Phytoplankton P (mmol N m—*

Thermal stress S
- N W s oo

100 150
Time (days)

(d) Thermal stress S

] 50 100 150

Time (days)

200 250

300

50 100 150

Time (days)

200 250 300

Figure 2. Baseline model dynamics showing all four state variables converging to their respective
equilibrium values from four initial conditions (IC-1 through IC-4) over a 300-day simulation. Top-left:
temperature anomaly T converges to T* = 8.0°C. Top-right: nutrient N converges to N* = 1.83 mmol N

m=3. Bottom-left: phytoplankton P converges to P* = 3.64 mmol N m=. Bottom-right: thermal stress S
stabilizes at S*~ 16.0.

4. Bifurcation Analysis
Transcritical Bifurcation

As heatwave forcing m increases from low
values, the equilibrium temperature T* = n/a
rises, which has two adverse effects on
phytoplankton: it pushes T* further from T_opt,
reducing the thermal growth modifier f(T*), and
it raises the thermal stress level S* = on/(ads),
increasing stress-induced mortality. Together,
these effects drive Ro downward. The
transcritical bifurcation occurs at the critical
forcing n_TC where Ro(n_TC) = 1:

Hm f(_TC/a) - No(n_TC) / [(kn

+ No(n_TC))(m + &S

*(n_TC)] =1 (11)
At this bifurcation, E* and Eo collide and
exchange stability: below n_TC, phytoplankton
persist (E* stable); above it, they collapse (Eo
stable). The transition is smooth and reversible
— there is no hysteresis near the transcritical
bifurcation itself. Under baseline parameters,
numerical computation yields n_TC = 1.95 °C
d™, corresponding to T* = 19.5°C — quite close
to the thermal optimum, meaning the thermal
response function f(T) contributes a severe
reduction in effective growth rate near the

bifurcation threshold.

Saddle-Node Bifurcation and Hysteresis

For parameter regimes where the stress-
temperature feedback [ is appreciable, the
system can exhibit bistability — a region of
heatwave forcing where two stable states (E* and
Eo) coexist separated by an unstable saddle
equilibrium. The saddle-node bifurcation occurs
when two equilibria collide and annihilate,
satisfying:

det[J(EX)] =0, tr[J(E*)] <0
(12)

This is the most ecologically consequential
bifurcation in the model. Once phytoplankton
collapse past the lower saddle-node fold,
recovery requires reducing 1 not just back to the
collapse threshold n_SN*, but further — all the
way back to the lower fold 1_ SN~ <n_SN*. The
width of this hysteresis loop, n_SN* —n_SN™ =
0.50 °C d! in our baseline parameterization,
represents a real ecological liability: an
ecosystem that collapses during an intense
heatwave may remain collapsed even after
conditions moderate, because the return to
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normal forcing is insufficient to overcome the
bistability barrier.

This is not merely a mathematical curiosity. It
echoes the observations made following several
real MHW events, where phytoplankton
communities did not recover at expected rates
once heatwave conditions eased [43, 44]. Our
model provides a mechanistic interpretation: the
ecosystem may have crossed the lower fold and
become trapped in the collapsed branch.

Hopf Bifurcation and Oscillatory Blooms

Between the transcritical and saddle-node
bifurcation points, the coexistence equilibrium
E* can become oscillatorily unstable through a
Hopf bifurcation at 1 =n_H. At this point, a pair
of complex conjugate eigenvalues of J(E*)
crosses the imaginary axis, and a limit cycle
emerges from E*. The first Lyapunov coefficient
l: determines the direction:

li = Re[(p,C(q,9,D)] / 200 —
Re[(p,B(q, 2iwl — A)™'B(q,D)] / w +
Re[(p,B(q,A™*B(q,9)))] / 2w )

p, q are the right and left eigenvectors of a Hopf
point, B, C are the second and third order
multilinear forms of the Taylor expansion. A
supercritical Hopf bifurcation (I one less than
zero) occurs with baseline parameters, as
numerically calculated | one (I less than zero) is

Phytoplankton P* (mmol N m~?)

negative. Naturally, these limit cycles are
sustained oscillatory blooms dynamics - periodic
peaks of phytoplankton growth successively
followed by nutrient depletion and death, then
recovery as nutrients slowly rejuvenate, then a
new bloom. The modeled time is estimated to be
28 days in line with the multi-week flowering
periods associated with recorded MHW
occasions.

Dynamical Regimes in Parameter Space

These three bifurcation curves TC, H, and SN
subdivide the parameter space ( eta, kappa ) into
dynamically distinct regions. Region I (low 1,
low «): Coexistence at steady E, no oscillations
the phytoplankton are stable throughout the
heatwave as it is too mild and thermal tolerance
is too high to cause significant harm. Region 11
(intermediate m): The Hopf bifurcation has
already taken place and the ecosystem is in a
sustained oscillatory state of the art ecologically
it represents an overstressed yet functioning
community that has Sinegal bloom cycles.
Region III (large m, medium «): Bistability
between E 0 and E E - the ecosystem is at risk; it
is possible to collapse even under stochastic
perturbations when the deterministic dynamics is
in the coexistence region. Region IV (high n,
high ¥): E 0 is the only stable one - the E
phytoplankton collapse is ensured.

0.5 1.0 1.5 2.0 2.5
Heatwave forcing n (°C d-*)

3.0

0.5 1.0 1.5 2.0 2.5 3.0
Heatwave forcing n (°C d-1)

Figure 3. Bifurcation diagram of equilibrium phytoplankton biomass P* versus heatwave forcing n.
Left: stable coexistence (green, Region I-I11), oscillatory regime shown as min-max envelope of limit
cycle (orange shaded, Region Il), and washout state (grey, Region V). The transcritical bifurcation
point (TC, vertical dotted line) marks the Ro = I threshold. Right: Ro(n) curve showing smooth decline
from persistence (green shading, Ro > 1) to collapse (red shading, Ro < 1) as forcing increases.
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Figure 4. Two-parameter bifurcation analysis in (3, k) space. Left: Ro landscape as a heatmap, with the
black contour marking Ro = 1. Warm colors (red) indicate collapse territory,; cool colors (green)
indicate phytoplankton persistence. Right: Classification of dynamical regimes — pale red (Region IV:
collapse), yellow (Region I11I: near-critical/bistable), light green (Region I: stable coexistence), and
dark green (Region Il: strong persistence/oscillations). Species with higher thermal sensitivity (larger
k) collapse at substantially lower heatwave intensities.
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Figure 5. Hopf bifurcation dynamics. Left: Pre-Hopf dynamics at n = 0.8 showing damped oscillations
of P(t) (green) and N(t) (blue dashed) converging to a stable focus. Center: Post-Hopf dynamics at n =
1.5 showing sustained limit cycle oscillations representing recurring phytoplankton blooms with ~28-
day period. Right: Phase portrait in the (N, P) plane; the stable focus (n = 0.8, green) and stable limit
cycle (n = 1.5, orange) are clearly distinguishable, with the intermediate case n = 1.2 (yellow-green)
showing the system near the Hopf transition.

5. Ear_ly_ Warning Signals of Critical ALdom(m) ~ —cVm_SN — 1), n -
Transitions n_SN- (14)

The Mathematics of Slowing Down c>0 is a system constant that is positive. The
Among the most useful practical implications of mathem_atical signature of critical slov_ving down
the bifurcation theory is the fact that dynamical (CSD) is a recovery rate value that is close to
systems that are approaching a fold bifurcation zero. Practically, CSD is obgerved in time series
do not simply tip, but decelerate first. The data by two phenomena: increasing temporal
saddle-node of the system is denoted as n SN. As autocorrelation (the system is able to remember
the system approaches the saddle-node, the the previous state longer and longer), and
largest eigenvalue of J(E* ) tends to zero. It increasing variance (the system is able to deviate
implies that the natural recovery rate of the more around the mean).

system to small perturbations goes to zero:
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Variance and Autocorrelation as Observable
EWS

For a stochastic version of equation (3) with
demographic noise:

dP = [t A(T) N/(ks+N) — (m+eS)] P dt + o,
NP dw, (15)

the stationary variance and lag-1 autocorrelation
near the bifurcation satisfy:

Var(P) ~ 6,%/(2p) — w0 asn—n_SN (16)

AR(1) = exp(A_dom At) — 1 as n — n_SN
(17)

They are not estimates, they are the direct result
of the fluctuation-dissipation theorem to the
linearized stochastic dynamics [22, 23]. The
forecasts are acute: variance splits at the
bifurcation (theoretically), and autocorrelation
becomes nearly 1. The system in practice
approaches an asymptotic limit before either of
the quantities reaches the appropriate asymptotic
value, and both have apparent upward trends
which can be detected with reasonable signal-to-
noise ratios.

Skewness and Flickering

There is an increase in non-Gaussianity in the
distribution of P fluctuations as one approaches
a subcritical bifurcation or in a bistable regime
(Region 111). It starts by randomly sampling the
surrounding of the collapsed state after which it
reinvents — a phenomenon known as flickering
[18, 25]. This comes in the form of increasing
positive skew in the P time series: most of the
time P will be around its mean, with more and
more excursions to zero (temporarily close to a
collapse and then back again) will push the end
of the distribution right. Skewness comes in
handy as an EWS specifically in that it reacts to
bistability, unlike variance and autocorrelation

which can rise at any bifurcation. The flickering
prior to completion of transition is likely the best
possible signal that a system is on the edge of a
fold.

Practical Implications for Ocean Monitoring

These are theoretical predictions that lead to a
tangible monitoring strategy. In case satellite
measurements of chlorophyll-a or autonomous
float  measurements  of  phytoplankton
fluorescence can be made at high enough
temporal resolution (at least weekly, preferably
daily) over periods that are climatologically
meaningful (years to decades) then sliding-
window estimates of AR(1), variance and
skewness can be obtained and followed.
Increased tendencies in any of these indicators
should be seen as a part of the alarming signal
that the ecosystem is perhaps on the verge of a
breakdown. We propose that actionable warning
can be hundreds of days ahead of rapidly
changing events, but much less in time ahead in
case of slowly emerging heatwave events.

6. Numerical Simulations and Results

All numerical integrations were performed using
variable-step, variable-order Adams-Bashforth-
Moulton methods (equivalent to MATLAB's
oded45/0odel113) with absolute and relative
tolerances of 1072 and 107! respectively.
Stochastic simulations used the Euler-Maruyama
method with step size At = 0.5 days. Bifurcation
continuation was performed via pseudo-
arclength continuation. The baseline parameter
set is given in Table 1; deviations from baseline
are noted in each scenario. We present ten
distinct visualizations spanning the full range of
the analysis.
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Scenario 1: Gradual Heatwave Intensification and Phytoplankton Collapse

Figure 6. Scenark

nkton Collapse

5. Fhytoplankton biomass — thres dymanscal phases

Figure 6. Scenario 1: Gradual heatwave intensification. Top: Temperature anomaly T (red, left axis)
and heatwave forcing n (orange dashed, right axis). Middle: Nutrient concentration N (blue). Bottom:
Phytoplankton biomass P (green, filled area). Three dynamical phases are marked by vertical dotted
lines — Phase | (stable quasi-equilibrium), Phase Il (oscillatory blooms post-Hopf bifurcation), and
Phase 1l (abrupt collapse past the saddle-node). This three-phase pattern qualitatively reproduces the
progression of documented MHW events including the 2013-2015 Northeast Pacific Blob.

Scenario 2: Oligotrophic vs. Eutrophic System Vulnerability

Severe future deterioration in these already nutrient-impoverished systems.

Figure 7. Scenario 2 — Differential Vulnerabili
upwelling (w I N m=? d-1); Right ce

itrophic vs. Oligotrophic Systems
Left column: eutrophic coastal ur 2.0 mmol N : - 0.3 mmol N m-> d—*
Rows show phytoplankton P(t) and nutrient N(t) for three heatwave intensities (0 = 0.5, 1.2,

ligotrophic open-ocean gyre (w 3
“C d-'). Oligotrophic systems collapse eve
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Figure 7. Scenario 2: Eutrophic vs. oligotrophic system response. Top row: phytoplankton biomass
P(t); bottom row: nutrient N(t). Left column: eutrophic system (v = 2.0 mmol N m=3 d™); right column:
oligotrophic system (w = 0.3 mmol N m>3d™). Solid, dashed, and dotted lines correspond to n = (0.5,
1.2, and 2.0 °C d* respectively. The oligotrophic system collapses even at moderate heatwave intensity
while the eutrophic system maintains substantial phytoplankton biomass across all tested forcing levels.
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Scenario 3: Early Warning Signal Detection

Figure 8. Scenario 3: Early warning signals in a 4000-day stochastic simulation. From top to bottom:
(1) Heatwave forcing n increasing from 0.5 to 2.2 °C d'; (2) Stochastic phytoplankton P(t) (light green)
with 800-day sliding mean (dark green); (3) Lag-1 autocorrelation AR(1) rising from ~0.35 to ~0.91
before collapse; (4) Variance Var(P) rising ~6-fold before collapse, (5) Skewness y: transitioning from
symmetric to strongly right-skewed ~300 days pre-collapse. Red dashed vertical line marks the collapse
event. All three EWS indicators show statistically significant upward trends (Kendall-z > 0.70, p <
0.001) well in advance of the tipping point, while mean biomass (panel 2) gives little warning.

Thermal Response Function Sensitivity

Left: Effect of
ot of therm

Sensitivity Analysis st po

(a) Varying optimal temperature T_opt (x=0.02) (b) Varying thermal breadth k (T_opt=20°C)

Growth modifier f(T)
Growth modifier f(T)

0.0 0.0
o 10 20 30 40 o 10 20 30 40
Temperature T (°C) Temperature T (°C)

Figure 9. Thermal response function sensitivity analysis. Left: Effect of optimal growth temperature
T opt (x = 0.02 fixed) — species with low T_opt (e.g., cold-adapted diatoms, blue) experience severe
growth suppression at modest positive anomalies, while warm-adapted species (red) may initially
benefit from warming. Right: Effect of thermal tolerance breadth x (T opt = 20°C fixed) —
stenothermal species (large k, red) show sharp growth declines on either side of the optimum, while
eurythermal species (small k, blue) maintain substantial growth rates over a wide temperature range.
The 50% growth-rate threshold (grey dotted line) is crossed at progressively smaller temperature
anomalies as x increases.
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Sensitivity Analysis: Ro Responses to Key Parameters

Figure 10. bensltlvitv Analvsis — Basic Reproductlon N\lmher R vs Key Pmameters
 Each panel s baselin d-t ed |

1c ne m:wzu olding others at be
shading: persistance (Re=1). red shading: collo aps TR Hieatwave foreing 1 4.Hrl nuu-mz .suﬂpﬂ ware :im ros( mnm:mm parameters.

(a) Rovs.n (b) Ro vs. @ (€} Ra vs. jim

0.0¢
0.0 0.1 0.2 0.3 0.4
m — Basal mortality (d-')

Figure 10. Sensitivity analysis of the basic reproduction number Ro to six key model parameters (n:
forcing intensity; y: nutrient supply; u,: max growth rate; m: mortality; x: thermal sensitivity; T opt:
optimal temperature). Dashed line marks the Ro = 1 threshold; green and red shading indicate
persistence and collapse territories respectively. Parameters with the steepest Ro slopes represent the
greatest potential levers for ecosystem management or the greatest sources of model uncertainty.
Nutrient supply v and heatwave forcing n emerge as the most influential parameters.

Comparison with Documented Marine with anomalies of +2.0 to +3.5°C, falls in Region
Heatwave Events I11-1V of the model, consistent with the observed
saddle-node-type collapse. The 2013-2015 Blob
traversed multiple dynamical regions as it
intensified, consistent with the three-phase
progression documented in Scenario 1. The 2016
GBR bleaching maps onto the bistable Region
I11, where patchwork patterns of bleached and
unbleached areas are consistent with the
heterogeneous spatial expression of flickering
near a bifurcation threshold.

Table 2 synthesizes a comparison between
model predictions and observational records
from four well-documented MHW events. The
qualitative agreement is encouraging: each event
maps onto a recognizable region of the model's
bifurcation structure, and the model correctly
predicts the directionality of phytoplankton
response (decline vs. oscillations vs. collapse) in
each case. The 2011 Western Australia event,

Event SST Observed Model Model prediction
anomaly phytoplankton dynamical
response regime
W. Australia | +2.0 to —40% chlorophyll- | Region [II—IV Saddle-node collapse,
2011 +3.5°C a, seagrass die-off | (above n_SNY) hysteresis
NE Pacific +2.510 Oscillating HABs | Regions Hopf — bistability —
Blob 2013-15 | +4.0°C then crash [N-I-IV fold collapse
(traversal)

@ 01 SSR Journal of Multidisciplinary (SSRJM | Published by SSR Publisher

BY NC




SSR Journal of Multidisciplinary (SSRIM) | ISSN: 3049-1304 | Volume 3| 10 | 2026

Event SST Observed Model Model prediction

anomaly phytoplankton dynamical

response regime

GBR +1.0to Patchy bleaching, Region 111 Flickering between E*
Bleaching +2.0°C partial recovery (bistable) and Eo
2016
Mediterranean | +3.0°C Summer bloom Regions II—IV | Transcritical + fold
2003 collapse collapse

Table 2. Qualitative comparison of model predictions with observational records from four documented
marine heatwave events. SST anomalies referenced to climatological baselines. HAB = harmful algal

7. Discussion

What the Model Gets Right — and Why It
Matters

The main point of the given paper is that the
interactions between marine heatwave effects
and phytoplankton cannot be boiled down to the
simplistic notion that the more heat, the less
phytoplankton. They are hysteretic, threshold
dependent and nonlinear. A medium-intensity
heatwave that would cause an ecosystem used in
a nutrient-rich coastal environment to persist in
operation would likely cause an oligotrophic
gyre system to go beyond a tipping point that
would not automatically trigger a process
leading to recovery. These differences cannot be
seen by linear analyses or mean-field analyses
but arise naturally, and analytically tractably, as
a consequence of the nonlinear ODE system
constructed here. What we feel is a more
consequential modeling decision in this study is
the inclusion of the stress under dynamic
conditions as a state variable S(t). Allowing the
stress to have a differential equation with
characteristic accumulation and recovery terms,
we permit the model two behaviors simpler
models cannot have: a slow response in the face
of temperature forcing (S takes time to
accumulate, although T may increase instantly)
and partial persistence in the face of conditions
moderating (S recovers slowly with 6 n ). The
two features have strong physiological support
on coral bleaching [38, 39] and it is good to
assume that the same applies to phytoplankton.
This expression forms the BST feedback in

equation (1) that forms the positive feedback of
biological damage and thermal forcing that add
to Hopf and saddle-node bifurcations not found
in one-way coupled models.

Ecological Interpretation of Bistability

Specific focus should be directed towards the
saddle-node bifurcation and the hysteresis loop
of it therein that this change of the nature of the
management problem. As long as phytoplankton
collapse was reversible, i.e. the system was on an
equilibrium as a function of forcing, then a
decrease in the strength of the heatwave to pre-
collapse states would recover the ecosystem.
Any deficiency of this is hysteresis. In the
situation when the system collapses, it is placed
on the lower stable branch and remains in
position even when forcing moderates. A large
enough decrease is only sufficient to reinstitute
the coexistence branch, placing eta below the
lower fold eta SN -. This is oxen somberly
ambiguously overtures in the climate policy. The
ecosystem in a severe global warming scenario
of 2.0 o C under heatwave conditions may not be
able to get to full productivity starting again even
in the case of a subsequent global warming
stabilized at 1.5 o C - not because the amount of
interest is the local heatwave forcing eta, which
is an effect of both background warming and
natural variability, but because the hysteresis
loop is a large effect in itself, and the hysteresis
loop is often so large that even a stabilization at
1.5 o C on the global warming causes the system
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to enter This would not mean that mitigation is
futile but merely that the objectives of avoiding
collapse may be raised to greater levels than the
linear reasoning would have suggested.

Early Warning Signals in Practice

The contribution of this paper most immediately
actionable is perhaps its EWS results. The fact
that AR(1) and the variation trend are identified
hundreds of days prior to collapsing in stochastic
simulation proves that such signals are not just
mathematical oddity, but can be sensitively
observed in real-life  noisy conditions.
Nonetheless, there are a number of practical
obstacles that should be given a fair share of
honesty. The signal-noise ratio is sensitive to the
intensity of noise ¢ n and sampling frequency,
and the rate at which the parameter changes d
et/dt. When the heatwave is growing at a rapid
rate (fast d ) /dt ) then the system can tip before
the EWS accumulates at  detectable
concentrations. We have simulated a very slow
drift (changing at 1.7 o C day 1); however, actual
intensification of heatwaves can be much faster.
In addition, the EWS framework also makes the
assumption that the dynamics inside each sliding
window are roughly stationary, which fails in
systems changing rapidly. Applied EWS
analysis is thus recommended to be coupled with
close evaluation of the rate of environmental
forcing change. The other feasible factor is the
type of the observational data. The satellite
chlorophyll-a retrievals can be obtained with
high temporal resolution around the world but
can be affected by cloud cover gaps, atmospheric
correction errors and conversion of optical
properties to biomass [28]. Better physiological
specificity is provided by in situ measurements
of biogeochemical Argo floats but with reduced
spatial coverage. It is a nontrivial statistical
problem that should attract the particular focus
of the ocean observing community to design an
EWS monitoring system that is capable of
sensing increasing AR(1) and variance in such a
heterogeneous and gappy data stream.

8. Conclusions

This paper examines the reasons behind the
occurrence of such sudden and catastrophic

phytoplankton collapses in some instances and
not gradual declines, the predictability of these
collapses, and why certain ocean ecosystems are
more susceptible than others to such events. The
researchers give rigorous responses to the three
questions using a nonlinear mathematical model.
The generic process of the sudden collapse is a
saddle-node bifurcation -a tipping point where,
when the intensity of heatwaves reaches a critical
point, the ecosystem suddenly switches to a high-
biomass-near-zero-biomass state. Given
hysteresis, the system must be forced way back
to conducive conditions before phytoplankton
can recover, and even then recovery may not
happen at all. More importantly, such collapses
are predictable. A so-called critical slowing
down phenomenon causes measurable signs of
warning signals - increasing autocorrelation,
growing variance, and positive skewness of
phytoplankton time series - hundreds of days
before the tipping point. The authors suggest the
inclusion of these early warning signal (EWS)
measures in ocean surveillance systems
especially in areas at risk. Ecosystems vary
greatly in respect of their vulnerability. The
oligotrophic gyres are already near their
persistence threshold, and thus prone to collapse
due to even minor temperature variations such as
1-2 o C, whereas nutrient-rich coastal systems
do not collapse under the influence of the same
warming. Under climate change, subtropical
gyres grow, and an increasing proportion of the
global ocean gain entry into this high-
vulnerability zone, and these implications are
severe on carbon export and marine food webs.
The paper adopts a fundamental reproduction
number (Ro) borrowed in epidemiology since it
IS an intuitive measure used to communicate the
vulnerability of ecology to policy makers and
non-experts.
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